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SUMMARY

This paper presents three automated algorithms for isotrop ic, conforming re nement of all-
quadrilateral and all-hexahedral meshes. These algorithms are based on the two-re nement templates
introduced by Schneiders. However we introduce a novel technique to choose the appropriate
re nement template locally. This enables e cient implemen tation of the proposed algorithms, even
in parallel. The proposed algorithms can handle re ned regi ons of complicated geometry and do not
su er from concavity restrictions associated with the thre e-re nement methods currently dominating
the literature. Several application examples show the strength of these new algorithms in problems
that require fast dynamic remeshing such as computational uid dynamics and computer graphics.
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1. Introduction

Over the last two decades, there has been a great deal of intest in adaptive methods in the
engineering community. Mesh adaptation is crucial in many @ases to improve the accuracy
of the analysis by modifying the mesh to re ect the physics ofthe problem. For some ow
applications, such methods are crucial because of the preag need for accurate computation
of ows with variable density, for example in cavitating ow s, or shock waves that might
occur in compressible ows [1, 2]. Recently, various papertave addressed the generation of
surface grids [3, 4]. Surface remeshing is the most widely ed technique for the generation
of high-quality surface meshes [5, 6, 7]. Most of these re maent algorithms are designed for
triangular and tetrahedral meshes. However, the basis funions associated with quadrilateral
and hexahedral elements have higher order compared to the k& functions associated with
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Figure 1. 2-re nement and 3-re nement templates for quadri lateral meshes [8].

triangular and tetrahedral elements. Hence, in many nite element applications, quadrilateral
and hexahedral meshes give better and more e ective resultsHowever, due to the di culty

in generating all-quad and all-hex meshes, industrial inteests are shifting to hex-dominant
meshes. Conforming re nement of these meshes is one of the ingroblems toward an e cient
fully automated all-quad and all-hex mesh generation tool.In a conforming mesh, each node
is a corner of its neighbor elements.

Two-re nement (2-Ref) of quadrilateral and hexahedral medes is better than the three-
re nement (3-Ref) for many reasons. A re ned quadrilateral, in a 2-Ref method, is divided
into 4 quadrilaterals while a re ned hex is divided into 8 hexahedra. On the other hand, in
3-Ref, a re ned quadrilateral is divided into 9 quadrilaterals while a re ned hexahedron is
divided into 27 hexahedra. Thus, 2-Ref will generally prodice meshes with fewer elements. In
3-Ref method the element size is reduced by a factor of 3 whilim 2-Ref methods the element
size is reduced by a factor of 2. Hence, 2-Ref methods have a sather transition regions. Also
2-Ref is more adhering to the de nition of quadtrees and octees. As illustrated in Figure 1,
the number of transition templates required in 2-Ref is muchless than the number required in
3-Ref methods. Moreover, one can apply the powerful multigid technique on the unstructured
meshes generated using 2-Ref methods with the same operasoused in the structured case.
However, in a 3-Ref algorithm, the transition can be done loally, while in a 2-Ref algorithm we
must consider pairs of adjacent elements. Hence, it is moreidult to give a robust algorithm
for 2-Ref especially in the 3-dimensional case.

Conforming re nement of hexahedral elements without any hanging nodes is a challenging
problem. Maintaining the connectivity of hexahedral elements during the mesh re nement
is not an easy task. Re nement template-based methods are wlely used for octree-based
hexahedral mesh generation to solve this problem. Howeveralmost all these methods are
based on 3-Ref templates. Various sets of re nement templas are introduced in the literature
to maintain the connectivity between the elements in the coase and the re ned level. This eld
was pioneered by Schneiders in 1996 when he proposed the regmplate-based method using
four 3-Ref templates for node, edge, face and volume re nemmt [8, 9]. He also discussed a
2-Ref algorithm, in which a re ned hexahedron is divided into 8 hexahedra, but this algorithm
was limited to structured grids only. In 2000, he proposed a @ectional re nement method [10]
based on a shrink-and-connect strategy, known as pillowindll1]. This strategy is demonstrated
using a quadrilateral mesh in Figure 2. This method generate a conforming all-hex mesh by
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ISOTROPIC CONFORMING REFINEMENT OF QUADRILATERAL AND HEXA HEDRAL MESHES 3

pillowing layers in alternating i, j and k directions, but th e initial octree must be Cartesian.
Tchon et al. [12] expands the multi-directional re nement of Schneiders to unstructured meshes
by pillowing layers of elements without the use of octrees. Meechal [13] reduces the set of
transition templates to only two, but his method results in hybrid meshes mixing hexahedral
and prismatic elements. Yamakawa and Shimada [14] proposea method to eliminate the non-
hexahedral elements, but the number of the elements in the aput mesh is signi cantly larger.
Another all-hex re nement method was proposed by Harris et d. [15]. Zhang and Zhao [16]
used pillowing to introduce two more templates for the elemats in the transition regions. A
selective approach to conforming re nement of existing ungructured hexahedral meshes was
proposed by Parrish et al. [17]. Most recently, Ito et al. [18 discussed the various problems
associated with these methods and tried to solve them by intoducing a new set of 3-Ref
templates. However, all of these methods are based on 3-Redrmplates, have some restriction
on the topology of the re ned region, and in many cases propaagte the re ned region and hence
increase the size of the nal mesh just to maintain the connetivity between the elements in
the coarse and the re ned regions.

Star Node Doublet
Node

(a) Find a shrink set (b) Shrink (c) Connect

Figure 2. Pillowing of a doublet node in a quadrilateral mesh [11].

Conforming re nement of unstructured quadrilateral elements is another challenging
problem. Schneiders [9] proposed an elegant framework to re such meshes using two-re ned
templates. This framework identi es the coarse level nodeson the boundaries between the
coarse and the re ned level, then orders them in a list,L, such that each two successive
nodes inL are connected by an edge that contain a hanging node. The nodén L are initially
activated, then the nodes of even indices are deactivated.iRally a transition template is chosen
based on the number of the active nodes. Although the framew is robust, Schneiders never
discussed how to order the nodes ih.. One option is a propagation technique; however, such
an algorithm would not be implemented e ciently in parallel . It is interesting to note that the
literature [12, 19] is still dominated by 3-Ref templates fa quadrilateral meshes despite the
existence of this robust 2-Ref framework since 1996.

Our Contribution : In this paper we present the rst algorithm that implements /realizes
the 2-Ref framework presented by Schneider, and moreover wéo so in a parallel-friendly way.
We also present two novel 2-Ref methods for hexahedral re n@ent. These methods can start
with unstructured meshes, they do not su er from the restrictions associated with the current
3-Ref methods and can handle regions of complex geometries.
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4 M. S. EBEIDA, A. PATNEY, J. D. OWENS AND E. MESTREAU

The remainder of this paper is organized as follows. Sectior? describes a 2-Ref for
quadrilateral meshes. In Section 3, we extend the algorithnto hexahedral meshes using two
di erent approaches. Finally, in Section 4, we conclude wit a brief discussion of some future
applications.

2. Re nement of Quadrilateral Meshes

LITET 1 .
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L 1
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! T
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(a) Level 0 (M o) (b) Level 1 (M 1) (c) Level 2a M » (d) Level 2b (M 2)

Figure 3. Conforming Re nement of a domain with two subdivis ion levels. In (b) The re nement of all
elements at Level 0 uniquely identi es the edge nodes (open drcles) of level 1. In (c) The re nement of
some of the elements at level 1 introduces some hanging nodedpen squares) and uniquely identify the
transition elements (shaded squares) and the transition edge nodes (solid circles). Finally in (d) the
transition elements are re ned by choosing a template corre sponding to the number of the associated
transition edge nodes. This process is local and results in aconforming crack-free quadrilateral mesh.

In the quadrilateral conforming re nement algorithm propo sed by Schneiders [9], the main
two-re nement template divides a quadrilateral into 4 quadrilaterals as shown in Figure 1.
The coarse level elements surrounding the re ned region arthen re ned using either template
(1) or template (2) based on the element's number of active ndes. What is missing in this
algorithm is a clear discussion of how to activate these nodeon the boundaries of the re ned
region.

First, we start by the re nement of all the elements at level zero (initial coarse mesh). The
element level in a quadtree structure denotes the number ofe nements applied to its parent
element in the initial mesh. When re ning an element, four edge nodesare added to its four
edges. A fth node is added to the center of that element and deoted aface node A node in the
initial mesh is considered to be dace node As we proceed in the re nement process we identify
and store the type of each new inserted node as well as the reament level of each elements in
the new mesh. In order to preserve the quality of the mesh durg the re nement procedure we
require that the utilized quadtree to be strongly balanced. Hence, the level di erence between
any two intersecting elements is either 0 or 1. Now consider @y a sub-meshM ; formed by

the quadtree (the maximum re nement level in that tree). It i s easy to show that any edge in
M i connects an edge node to a non-edge node. Two sub-mesis 1, M ; intersect along a
polyline ;. In general ; can be non-manifold and may consist of disconnected polylies. For
a strongly balanced quadtree we have two cases: either, = ; = jo0or ;\ ; = ? forany
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ISOTROPIC CONFORMING REFINEMENT OF QUADRILATERAL AND HEXA HEDRAL MESHES 5

j 8i,i,j =1;2;:::;d. The rst case occurs whenM ; = M ; = M 1; hence all the elements
of M , are re ned without creating any non-conforming node (also cenoted ahanging nodg
until we reach level max(;j ), in which case we already have a conforming re nement. In tte
second case, a number of hanging nodes are created alongand/or ;. We now present an
algorithm for eliminating these nodes.

Consider two successive levels, 1 and i, such that ; contains a number of hanging
nodes. Atransition element is an element inM ; 1 with one or more nodes on ;. Any edge of
M 1 that lies on ; is denoted atransition edge. Note that any transition edge will contain
only one edge node at level 1 and contain one and only one hanging node fronM ;. We
count the number of transition edge nodes within each trandion element. A transition edge
node is an edge node that lies on ;. The appropriate re nement template is then applied
to each transition element based on the number of the assodied transition edge nodes, if
any. A transition element with one transition edge node is rened using template (1). In this
case the template will be oriented based on the relative lod#on of the associated transition
edge node. On the other hand, a transition element, with two tansition edge nodes, is re ned
using template (2). Since any hanging node inM ; is split one of the edges of the transition
elements, applying the re nement templates to all the transition elements in M ; 1 guarantees
the elimination of all the hanging nodes inM ;. This step is repeated recursively for di erent
re nement levels, i = 2;3;:::;d to transform the strongly-balanced quadtree to a crack-fre
conforming mesh. Note that if we started with an initial set of square elements, the angles in
the nal mesh are bounded between 45 and 135.

During this algorithm, the transition edge nodes are identied locally without a need to
apply a propagation technique. Hence, the algorithm can bermplemented e ciently in parallel.
This is an important feature since many simulations that might utilize this algorithm are
usually performed using multiple processors and distribuéd memory. Hence an e cient parallel
dynamic remeshing algorithm would be crucial for such simuahtions.

Algorithm 1 Conforming Re nement of Quadrilateral Meshes

Set the node-type of each node at Level 0 to be &ce node

Re ne all the elements at Level 0;

Identify and store the node-type (edgée face) of each new inserted node;

for iR =1;2;::;;ng do
Re ne a subset of the elements at this Level based on user-spieed size function
Identify and store the node-type (edge/face) of each new inasrted node;

end for

Strongly balance the nal quadtree.

Identify and store the node-type (edge/face) of each new inasrted node;

for ir =2;3;:::;ng do
Identify the transition elements between Levelsir 1 andig.
Apply the appropriate re nement template based on the number of transition edge nodes
within each transition element.

end for

This algorithm is demonstrated in Figure 3 using a problem that involves two levels of
re nements. All the elements at Level O are re ned. This process uniquely identi es all the
edge nodes of the conforming meshiM ;, at Level 1. Next, a subregion ofM ; is re ned,
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6 M. S. EBEIDA, A. PATNEY, J. D. OWENS AND E. MESTREAU

Figure 4. Dynamic remeshing during a numerical simulation o f the unsteady cross- ow over two
parallel cylinders at Re = 200. The top gures show the evolution of the vorticity whil e the bottom
gures shows the corresponding evolution of the utilized me sh during the simulation.

resulting in a non-conforming mesh non-conforming mestM , with some hanging nodes. This
step uniquely identi es the transition elements, the transition edge nodes of Level 1, as well as
the edge nodes at level 2. Note that since we are utilizing a sbngly balanced quadtree in the
re nement procedure, all the transition elements will be at the same level and each transition
edge contains one and only one hanging node. As illustratedhiFigure 3(d), the number of the
transition edge nodes within each transition element locdly picks the appropriate re nement
template and eliminate the associated hanging nodes. Notehat Template 1, if utilized, is
oriented based on the relative location of the transition edje node.

Dynamic remeshing techniques that may utilize such an algathm play an important role
in many problems. As an example, we present a numerical simation of an unsteady ow
that employs such a technique to track the generated interating vortices within the domain
of the problem. During such simulations, if the resolution d the utilized mesh is not high
enough to capture these vortices, they will dissipate and tle quality of the solution will
deteriorate very quickly. Figure 4 illustrates the interaction of the vortex shedding during
a simulation of unsteady incompressible cross ow over two prallel cylinders at Re = 200.
During this simulation, counter vortices are generated arand each cylinder and then they
impact each other at the centerline preserving the symmetryof the ow. Vorticity contours
are overlaid onto the computational grid in Figure 4 to show the e ciency of the utilized
adaptive dynamic remeshing technique. The number of verties during this dynamic remeshing
procedure increases from 3,739 to be around 20,000 when thew reaches its steady limit cycle.
In order to capture the vorticity contours with the same accuracy using a static mesh, we had
to uniformly insert more vertices in the wake behind the cylinders. The resulting static mesh
had approximately 100,000 vertices. This led to an increasén the computational time by a
factor of 12. For more details about this simulation we referthe reader to the related work of
the author [20].
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ISOTROPIC CONFORMING REFINEMENT OF QUADRILATERAL AND HEXA HEDRAL MESHES 7

As another example, in the eld of computer graphics, remesing is used on surfaces to
ensure a uniform element size from the perspective of the weer. Without a uniform element
size, elements that are too small waste computational resaues, while elements that are too
large su er from visual artifacts. As both an animated surface and its viewpoint may change
from frame to frame, remeshing must occur every frame, and tb remeshing algorithm must
work at interactive rates.

In a modern computer system, the processor with the most aritmetic capability is the highly
parallel graphics processor (GPU). Migrating work, such asremeshing, from the CPU to the
GPU is desirable because of the GPUs computational and bandMth advantages over the
GPU, but this work must be amenable to the GPUs restrictive parallel programming model.
Consequently it is necessary to not only construct a fast ande cient remeshing algorithm
to ensure interactive operation but also to make sure this ajorithm is friendly to parallel
execution.

We utilize the unstructured-grid conforming re nement tec hniques that we describe in this
paper for the re nement of Catmull-Clark subdivision surfaces [21], a popular technigue in
computer graphics for smoothing coarse surface meshes. Q@atll-Clark representation relies
on recursive subdivision to generate in nitely smooth surfaces. We dynamically remesh the
surface for each frame (Figure 5) to ensure a smooth mesh evender changing viewpoints and
animated surfaces. To avoid visual artifacts like cracks duing remeshing, the subdivided mesh
must be free from hanging nodes, and to ensure the interact frame rates that we require,
we must implement this technique in parallel on the GPU.

Our implementation uses the NVIDIA CUDA [22] architecture and implements a parallel
version of Algorithm 1, described below. For regularity, we merge the re nement and
conformance loop into a single parallel step. Our implemerdtion contains four parallel GPU
kernels:

1. Evaluate the subdivision criterion over all mesh faces inparallel. This step nds the
subset of elements that will be re ned, and also selects the gpropriate template for each
element by counting adjacent transition edge nodes.

2. In parallel, for each mesh face to be re ned, compute the adroid (face node) of its
end-points. Generate 3 or 4 child faces, depending on the chen template.

3. In parallel, for each mesh edge to be re ned, compute the egt node, and generate child
edges based on the chosen template.

4. For each mesh vertex in parallel, re ne the 3D position of he vertex to smooth the
resulting surface.

To achieve e ciency in the GPU implementation, we use a regular data structure to store
faces, edges, and vertices in independent arrays. We alscagle input and output data for each
kernel in the on-chip shared memory, which acts as a transpasbu er to allow coherent memory
access. In Figure 6(a), we have plotted the relationship beteen the number of faces in the
subdivided mesh and the time it takes to perform subdivisionand rendering. This relationship
is unmistakably linear and is consistent across all modelsasted. For more details about this
example, we encourage the reader to refer to the associategper by the authors [23].
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8 M. S. EBEIDA, A. PATNEY, J. D. OWENS AND E. MESTREAU

(a) A sequence of re ned meshes during the animation

(b) The corresponding sequence of rendered images

Figure 5. Four frames of an animated subdivision surface of the bigguy model. The subdivision criterion
used is screen-space extent of mesh edges.
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Figure 6. Rendering times shown as a function of the number of faces in the nal subdivided mesh.
In this experiment, three models were rendered under a dynamically varying viewpoint.

Copyright ¢ 2000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2000; 00:1{6
Prepared using nmeauth.cls



ISOTROPIC CONFORMING REFINEMENT OF QUADRILATERAL AND HEXA HEDRAL MESHES 9

(a) The template (b) Transition Block (c) A simple example [9]

Figure 7. Two-Re nement template for hexahedral meshes by Schneiders [9]. In (b) The template has
to be applied to a block of four transition elements. This is d emonstrated in (¢) using a simple domain
with a structured re ned region.

3. Re nement of Hexahedral Meshes

In this section we introduce two novel methods for conformirg re nement of unstructured
hexahedral meshes based on 2-Ref templates, illustrated iRigure 7. In the rst method, some
of the transition elements can have a re ned edge, while the acond method uses pillowing to
ensure that all the transition elements have one re ned faceonly. The rst method utilizes
more templates compared to the second one. However, it is liited to those cases where the
re ned regions has a simple geometry (for example when the stace of a re ned region is
a 2-manifold). On the other hand, the elements produced by te second method have lower
quality, but this method can e ciently handle re nement reg ions with much more complicated
geometry, which could not be realized with previously publshed methods.

In the case of hexahedral meshes, with structured re ned reigpns, Schneiders [9] introduced
a re nement template for the transition elements. This template is illustrated in Figure 7.
However, applying this 2-Ref template to the unstructured cases requires solving the following
problems:

1. The coupling of transition elements: The template is appled to a block of four transition
elements sharing an edge. First, we need to ensure that theris such a block for each
transition element. Then, we need to come up with an e cient way to implement the
2-Ref template since it has to be ipped for each two elementssharing a face in that
block.

2. The concavity problem: The 2-Ref template by Schneiders annot handle a transition
element with more than one re ned face. To the best of our knovledge, such template
has not been found yet. This problem is not limited to 2-Ref méhods as it exists in
3-Ref methods as well.

In order to solve these two problems, we utilized a similar aproach to the one we used
in the two-dimensional case. We start with an initial coarse mesh, re ne all the elements in
that mesh, then we continue to re ne the required elements ugg a strongly balanced octree.
During this non-conforming re nement, the de nition of edge nodesand face nodesare still
the same. In addition, each node added to the centroid of a heahedron is denoted as a/olume
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10 M. S. EBEIDA, A. PATNEY, J. D. OWENS AND E. MESTREAU

node The rst problem is solved using an extra condition during the strongly balanced octree.
This condition is to re ne all the coarse level elements surounding a volume node, if has two
neighbor elements at di erent levels. This condition ensues that each transition face node is
surrounded by four elements at levei and four elements at leveli +1, wherei =1;2;:::;d 1
denotes the re nement level andd is the tree depth. This condition also ensures that any
transition element contains one, and only one, face node athte same level. Moreover, this face
node has four and only four transition elements.
In the following, we present two di erent methods to handle the second problem.

3.1. Method |

In this method, we rst apply a re nement step that ensures th at each transition element
will have one and only one transition face. Figure 8 illustraes the three re nement templates
that are utilized in this step. Template A is applied to any tr ansition element, ABCDEFGH,
that has one transition face, AEHD or BFGC as shown in Figure §a). Template B is applied
to a transition element with two transition faces, for example the faces EFGH and BFGC
in Figure 8(b). Template B is also applied to a transition hexahedron with a re ned edge,
AD, in the case illustrated in the same gure. Finally, templ ate C is applied to a transition
element with three faces. As illustrated in Figure 8(b), the transition faces are EFGH, BFGC
and CGHD. This template is also applied to each transition eement sharing a single node
with the re ned region, node A in the case illustrated in Figure 8(b). Note that after applying
templates B and C, each transition element contains only ondransition face. Template A is
used to insure a conforming interface between the neighborransition element.

The next step is to loop over the transition face nodes (whichcould be done e ciently in
parallel), retrieve their four coarse neighbor elements, ad mark two of them, E; and E,, such
that E; and E; do not have a common face. We also mark the transition node carected to
that face node with an edge. Finally we loop over the transiton elements with a transition face
and apply the 2-Ref template illustrated in Figure 7 if that element was marked. Otherwise,
we apply a ipped copy of that template. Note that the solid ball in that gure represents
the face node utilized in building this block of transition elements. Template C is utilized to
eliminate the hanging nodes in the transition elements intesecting with the re ned region
with a single edge or a single node. These elements will havesingle marked node which is
utilized to orient the template.

(a) Template A (b) Template B (c) Template C

Figure 8. Three re nement templates utilized in Method 1.
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ISOTROPIC CONFORMING REFINEMENT OF QUADRILATERAL AND HEXA HEDRAL MESHES 11

This method is illustrated in Figure 9 using a convex re ned region and another concave
re ned region of an initial Cartesian grid. Another example of the meshes that can be produced
using this method is illustrated in Figure 10, which shows aninitial I-Beam with coarse
elements. Then we apply our algorithm to two selected regios where we re ne the selected
elements twice.

(a) Octree (b) Transition Layer (c) Final Mesh

(d) Octree (e) Transition Layer (f) Final Mesh

Figure 9. Conforming re nement of a convex region (upper gu res) and a concave region (lower
gures). Here the coarse level elements are marked with green, the re ned level elements are marked
with blue while the transition elements are marked with yell ow.

3.2. Method 1l

Although method | is robust and easy to implement and producetransition elements with
high quality, some problems can emerge in more complicateditaations due to the existence
of transition elements that intersects with a re ned region at a non-manifold point. These
situations may result in a transition element with a transit ion face and a transition edge that
does not belong to that face as illustrated in Figure 11. Adjwting the octree to get rid of
these elements may result in increasing the number of the eheents in the nal mesh. This
adjustment is is not required in Method Il as shown in Figure 11(c). This is achieved by
isolating the re ned region completely using pillowing. Hence any transition element will have
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12 M. S. EBEIDA, A. PATNEY, J. D. OWENS AND E. MESTREAU

(@) (b) ©

Figure 10. Conforming re nement of an I-Beam. Two re nement levels are applied to the selected
elements of a coarse grid (a) in two di erent regons (b and c).

one and only one transition face. The pillowing procedure pesently implemented duplicates
each node in the direction of the average normal of its neightr transition faces. The distance
between a node and its duplicate is half the minimum length ofthe neighbor edges of that
node. In this method, we only need the main re nement templat shown in Figure 7(a). After
the isolation of the re ned regions, a similar algorithm to the one presented in Method | is
utilized to eliminate the hanging nodes. This method is illustrated in Figure 12 using the same
convex and concave re ned regions used to demonstrate Metltbl.

@ (b) ©

Figure 11. A challenging case for Method I. Two re ned region s intersecting at a non-manifold point

(center of the cube). In (a) eight coarse elements (marked with blue color) have an element with

a transition face and a transition edge intersecting at the c enter of the cube. The blue elements

are removed in (b) to show the problematic transition entiti es. The solution of this problem using
Method Il is illustrated in (c).
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@ (b) © (©)

Figure 12. Conforming re nement of a convex region and a concave region using Method II.

Method Il is more robust and does not propagate the re ned regon. Note that the surface,
S, of a re ned region can be non-manifold. In this case, a non-ranifold vertex on S may be
duplicated more than once during the pillowing process. Figre 13 shows the three di erent
cases that are associated with two, three or even four duplietes of a given node on that
surface. In Case |, a node has 8 neighbor faces @& and hence it will be duplicated twice.
In Case Il, a node is surrounded with 9 faces org, and hence three duplicates are required.
Finally in case 4, four duplicates are required as the node isurrounded with 12 faces onS.
Here the neighbor-marked faces around the node associatedtiv any of these cases must be
classi ed into a number of groups that matches the number of te required duplicates before
calculating the displacement vector for each one.

Now we demonstrate the capability of Method Il using an octree governed by the point
distribution of a hybrid surface mesh representing a human &ce. The re ned regions in this
example have complicated non-manifold surfaces. Figure 14hows two sections in the mesh
with and without the governing surface. Another example is ilustrated in Figure 15 where a
triangular mesh representing the surface of a oating submaine was used to govern the octree
re nement of a hexahedral mesh representing the ocean.

(a) Case | (b) Case Il (c) Case Il

Figure 13. Three non-manifold cases that can be associated \ith a node on the surface surrounding a
re ned region.
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@ (b) ©

Figure 14. A conforming all-hex re nement governed by the po int distribution of a surface mesh
representing a human face. Two cross sections are utilized b show the mesh interior with and without
the governing surface.

(@) Initial Mesh (b) Conforming re nement

(c) Cross section | (d) Cross section Il

Figure 15. A conforming all-hex re nement governed by the po int distribution of a surface mesh
representing a a oating submarine. Two cross sections in the nal mesh show the connectivity in the
interior elements.
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4. Conclusion

We have presented three methods for conforming re nement ofjuadrilateral and hexahedral
meshes. Compared to other conforming re nement approacheghe present methods should
provide more exibility and robustness. These methods can &rt from unstructured meshes
and the selection of the required template is achieved lochl which enables an e cient
parallel implementation. Moreover, the methods can handlere ned regions with complicated
geometries. The resulting meshes do not have any negative dabian elements even for re ned
regions of complex geometries. For the two dimensional plaar case starting with a set of
square elements, the quality of the output mesh is optimal. Hbwever, in the three dimensional
case, element quality can still be improved.

Applications to problems that requires fast dynamic remesling, such as unsteady ow
computations in CFD, show the strength of the proposed methals. We were also able to use this
approach to demonstrate real-time rendering performancedr several complex models. Another
possible application area is initial re nement for grid-based hexahedral mesh generation
methods.
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